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Abstract. The pseudospherical functions on one-sheet, two-dimensional hyperboloid 
are discussed. The simplest method of construction of these functions is introduced 
using the Fock space structure of the representation space of the su(l, 1) algebra. The 
' pH ' , pseudospherical functions with half-integer order are investigated. The counterparts 

O |' of the Legendre functions for the hyperboloid are introduced and a new class of 

pH ■ pseudospherical functions is found. 

+-> 

PACS numbers: 02.20. Sv, 02.30.Gp, 02.40.-k, 03.65.-w, 04.20.Cv 

7— I ! 

> 

in 

rr> \ 1. Introduction 

The one-sheet hyperboloid is an important object in both general relativity and quantum 
mechanics. Indeed, on the one hand, it is a model of the two-dimensional spacetime 
with constant curvature (de Sitter space). Furthermore, its invariance group 50(2,1) 
plays the fundamental role in the study of representations of the (2 + 1) - Poincare 
group and corresponding relativistic wave equations p]. Besides of the elementary 
particle physics the range of applications of the £0(2, 1) group include quantum optics 
where this group is applied in the theory of coherent states, especially the squeezed 
states P], and the classical optics [3j. The quantum systems related to the one-sheet 
hyperboloid were discussed in the papers [4-10]. In particular, Dane and Vardiyev jl] 
studied Schrodinger equations with Poschl- Teller like potentials connected with one and 
two-sheet hyperboloid and found the explicit expressions of the Green's functions of a 
free particle on those spaces. The contraction of eigenfunctions for the Laplace equation 
on hyperboloid of one sheet and pseudoeuclidean space have been considered in the paper 
of Pogosyan, Sissakian and Winternitz [5]. The quantization of particle dynamics on 
one-sheet hyperboloid embedded in three-dimensional Minkowski space was discussed 
by Piechocki and Jorjadze in papers [6l[7J[E]- The coherent state quantization of particle 
in the two-dimensional de Sitter space i.e. one-sheet hyperboloid, was investigated by 
Gazeau and Piechocki in [9]. 
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The pseudospherical functions in the general case of hyperboloids of arbitrary 
dimensions were introduced independently, using different methods by Raczka, Limic 
and Niederle [H] and Strichartz [12]. Both approaches are based on the very general 
mathematical scheme involving multidimensional hyperboloids, no wonder that the 
physically interesting case of the two-dimensional hyperboloid of one sheet was not 
discussed therein in a more detail. Recently, the wavefunctions for the two-dimensional 
hyperboloids involving their different parametrizations were studied in [3] . The approach 
used in [3] for the identification of wavefunctions in the hyperbolic parametrization of 
hyperboloids coincide with that adopted in [IT] . 

In this work we construct the pseudospherical functions for the quantum mechanics 
on a one-sheet hyperboloid using the simplest algorithm developed for the case of the 
sphere 5 2 , based on application of the Fock space structure of representations of the 
5*0(2, 1) group. The approach taken up in this work is more general than alternative 
ones mentioned earlier because it enables fixing the phase of the pseudospherical 
functions. Surprisingly, to our knowledge, despite the fact that the pseudospherical 
functions for hyperboloids are also referred to as the "spherical functions" or "spherical 
harmonics" (see for example [13] ) such natural approach was not taken up so far. 
Utilizing the introduced formalism we study for the first time in the literature the 
pseudospherical functions with half-integer order. We also identify the pseudospherical 
counterparts of the Legendre functions and study their basic properties in the case of the 
discrete series representations. Finally, we find a new class of pseudospherical functions 
related to the discrete series. 

2. Basic representations 

We first discuss the basic properties of representations of the 50(2, 1) group which is 
the invariance group for the one-sheet hyperboloid such that 

Or 1 ) 2 + (x 2 ) 2 - (x 3 ) 2 = a 2 , (2.1) 

where a > is a parameter. The generators K iy % = 1,2, 3, of the representations of 
50(2, 1) satisfy the following commutation relations: 

[K 3 , K a \ = ie^Kp, [K a , K ] = -ie a pK 3 , a, (3 = 1, 2. (2.2) 

The algebra so(2, 1) (2.2) expressed with the help of operators K 3 , K± = Ki±\K 2 takes 
the form 

[K 3 , K ± ] = ±K±, [K+, KJ\ = -2K 3 . (2.3) 

The Casimir operator of the algebra (2.3) is given by 

C 2 = Kj - K\ - K\ = K 3 (K 3 + 1) - = K 3 (K 3 - 1) - K+K-.(2A) 

Consider the unitary irreducible representation of the algebra (2.3) spanned by the 
(normalized) common eigenvectors \k,m) of the operators C 2 and K 3 : 

C 2 \k,m) = k(k + l)\k,m), K 3 \k,m) = m\k,m) . (2-5) 
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K+\k,m) = y/(m - k)(m + k + l)\k,m + 1), (2.6a) 
K_\k,m) = y/(m + k)(m-k- l)\k,m- 1). (2.65) 

The unitary irreducible representations can be grouped into three classes accordingly to 
the spectrum of C 2 and K 3 . The discrete series D + and D_. The series D + is specified 
by 

fc = ~, 0, i 1,..., m>k + l. (2.7) 
This series is bounded below. Namely 

K.|Jfe,A;+l) = 0. (2.8) 

Using (2.6a) we find that the vectors \k,m) can be obtained from the lowest- weight 
state \k, k + 1) via 



\k,m) = J-. \ 2k \}} ] —K^- k ^\k,k + l), m>k + l. (2.9) 

w (m - k - l)\(m + k)\ + 1 ' " - v ' 

For the discrete series D_ we have 

fc = ~, 0, ^ 1,..., m<-(/c + l). (2.10) 
The series Z}_is bounded above. Namely 

K+\k,-{k+ 1)) = 0. (2.11) 
The counterpart of (2.9) is 



\k-™) = \lr-, r:KZ (m+k+1) \k,-(k + l)), m <-(k + l). (2.12) 

The second class is the continuous principal series such that 

1 13 
k = -- + i\, A > 0, m = 0, ±1, ±2, ... orm = ±-, ±-,.... (2.13) 

Finally, we have the continuous supplementary series 

-^<k<0, m = 0, ±1, ±2,.... (2.14) 

Bearing in mind the possible applications we remark that the discrete series 
representations of SU(1, 1) which is locally isomorphic to 5*0(2,1), were related in 
[To] to bound states and the continuous series representations to the scattering states. 

We now discuss the realization of generators by means of the differential operators. 
We first write down the following realization of the algebra (2.2): 

K x = -i( x 2 d 3 + x 3 d 2 ), 

K 2 = i(x 1 d 3 + x 3 d 1 ), (2.15) 
K 3 = - i(x 1 d 2 - x 2 di), 
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where <9j = d/dx l , % — 1, 2, 3. Introducing the polar hyperbolic coordinates (biharmonic 
coordinates) such that 

x 1 = a cosh r cosy?, 



x = acoshrsiny?, 



(2.16) 



x 



a sinh r, 



so the hyperboloid (2.1) is specified by a = const, r G M, and ip G [0, 2n), we get from 
(2.15) 



■ f d d 
eW — + itghr— 

\OT Oif 

d d 
■'''f-itghrf 



Hence 



A' 3 = - I ° 

ay? 



52 u 5 1 
C 2 = ^ + tghr- - 



e) 2 



(2.17a) 
(2.176) 
(2.17c) 

-2 1 Qt cosh 2 t dip 2 ' (2.18) 
Clearly, the pseudospherical functions 3^™(t, y?), i.e. the realizations of the abstract 
vectors \k,m) in the coordinate representations, satisfy the system of differential 
equations 

CAK(T,<p) =k(k + l)yr{T,<p), (2.19a) 
Kiy?(T,<p)=myr{T,<p), (2.196) 

where C<i and are given by (2.18) and (2.17c), respectively. Separating variables we 
find that y™(r, ip) is of the form 

y?(T,<p) = j m <f?(T), (2.20) 

where /™(r) fulfils 



• A y + tghr Jk K ' + 



m 



-/c(/c + l) + 

cosh T 



dr 2 dr 
In other words, the system (2.19) can be brought down to eq. (2.21 



fJT(r) = 0. 



(2.21) 



3. Pseudospherical functions for discrete series representations 

We now discuss the pseudospherical functions y™(T, ip) in the case of the discrete series 
D + . The equation (2.21) was the point of departure for finding pseudospherical functions 
in [TTJ. The solution to (2.21) was actually guessed in [TTJ (see (3.17) below). We 
now apply the simpler and most natural method for constructing the pseudospherical 
functions based on the well-known approach taken up for spherical functions (see for 
example [16]). Consider the case of the series D + . By the last equation of (2.4) the 
wavefunction 

^V,^=e i(fe+1) ^ +1 (r), (3.1) 
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representing the lowest-weight state \k, k + 1), satisfying 

K_y k k +1 (r^) = Q, (3.2) 

is the solution of the system (2.19) with m = k + 1. Using (2.17b) we get from (3.2) the 
first order equation 

+ (k + l)tghr/* +1 (r) = 0. (3.3) 

The solution of the elementary equation (3.3) is 

f k k +1 (r) = Ck cosh-^r, (3.4) 

where is a normalization constant. Now, the Hilbert space of square integrable 
functions on a hyperboloid of one sheet (2.1) is specified by the scalar product 

/*0O /*27T 

(F\G)= cosh rdr / dtpF*(r,<p)G(T,<p), (3.5) 



where we set without loose of generality a = 1. Hence, using the identity [T7] 

dx (2Jfe-l)!!7r 



oo 



lo cosh 2fe+1 x (2*)!! 2 
where k — 0, 1, 2, . . . , we get 



(3.6) 



_ , (2fc)H _2*-» k\ 

k V2^(2k-iy.\ vr v /pyr 

Furthermore, taking into account (2.17a) we obtain the identity 

Kile™* fir)} = f-iyS mWiv ( cosh m+r r— cosh"" 1 r ] /(r). (3.8) 

\ a(sinhr) r / 

An immediate consequence of (2.9), (3.8), (3.1), (3.4) and (3.7) is the following formula 
on the pseudospherical functions y™: 



/ Oh _|_ 1 Jm-k—1 

W r m) = (-l) m ' k - 1 2 k k\i — — , Nl/ — e imv cosh™ r— -— — cosh- 2(fc+1) r 

v ; y 2vr 2 (m- fc- l)!(m + fc)! d(sinh r)" 1 "^ 1 

(3.9) 

The relation (3.9) can be written as 



«™ = W 2^ -*-!)!(„, (3 ' 10) 

where V™{x) are counterparts of the (associated) Legendre functions connected with 
spherical harmonics, defined by 



m—k—l 



V™{x) = (-iy rM 2 k k\(l + x 2 )^- — ^— T . (3.11) 
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The basic recurrences satisfied by the functions V™ analogous to the well-known 
formulas on the associated Legendre polynomials are introduced in Appendix. Now 
taking into account the identity [IB] 



An ^ (n \n-2r 



r=0 

where [p] is the biggest integer in p, we find 



VJ?(x) = 2 k (m-k- 1)!(1 + x 2 )f y (-iy , . (m - r - 1)! o . , ^) m ~ k ~ l ~ 2r (3.13) 
k w v 7 v 4^ r! ( m - - 1 - 2r)! (1 + a; 2 ) m - r v 7 

which leads to 

j- m — k — 1 1 

(m — r — 1)! 



P^(sinhr) = 2 fc (m - fc - 1)! cosh- (/c+1) r V (-l) r ^ : } ——(2tghr) m ~ k - 1 - 2r 

/ — ' r (m — fc — 1 — 2r)! 

(3.14) 

Hence, using (3.10) the pseudospherical functions can be written in explicit form as 



Wt,?) = 2 fc J (2k ± ^ " * ~ 1)! e^ cosh-( fc+1 ) r 
27r 2 (m + fc)! 



r m— fc — 1 1 

x y (m-r-1)! )m - fc -i-2, (315) 

^ v 7 r! m-fc-l-2r ! v 

r=0 v 7 



The authors did not find the formula on the pseudospherical functions of the form (3.15) 
in the literature. The sum from (3.15) and thus y™{j, if) can be expressed in terms of 
the hypergeometric functions 2-^1 (a, /3; 7; z). Namely, we find after some calculations 



ym (T , _ , n §(m-fc-l) / (2fc + l)r(i(m - fc))r(i(m + fc + 1)) ■ _ (fc+1) 

x 2 ^i[l( m + + 1), + fc + 1); |; tgh 2 r], (3.16a) 

where m — k — 2n + 1, n = 0, 1,2, . . ., r(x) is the gamma function, and 



fe y 7r 2 r(i(m-fc))r(i(m + fc + l)) 

x 2 Fi[i(m + fc + 2), |(-m + fc + 2); f ; tghV], (3.166) 

where m — k = 2n + 2 and n = 0, 1, 2, . . .. Up to the absent phase factor (— l)2( m ~ fc-1 ) in 
(3.16a) and the phase factor (— 1) 2( m ~ fc ~ 2 ) in (3.16b) as well as some typo in the formula 
referring to (3.16b) the solution (3.16) was guessed from (2.21) by Raczka, Limic and 
Niederle [TT] and rediscovered by Dane and Verdiyev [4i|. More precisely, one can put 

fT(r) = cosh* t 9 ™(t) (3.17) 
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which leads to 



d 2 g™ 



dr 2 

Hence setting a 



+ (2a + l)tghr 



dr 



+ 



a(a + 1) - k(k + 1) + 



cosh T 



g?(r) = 0. (3.18) 



— (A; + 1) and making the ansatz 



g?{r) = ^(tgh 2 r) 
we obtain the hypergeometric equation 

x(l - x)hf"(x) + [i - (k + 2)x\h%'{x) + \{m 2 - (k + l) 2 ]hf(x) = 
satisfied by the hypergeometric function 2 i r i (m+k + 1), §(— m + + 



(3.19) 

(3.20) 
x] . As is well 

known if 2 F\ (a, /3; 7; 2) is a solution of the hypergeometric equation and 7 is not integer, 
then the second linearly independent solution is z 1 ~ 1 2 Fi{a — 7 + 1, /? — 7 + 1; 2 — 7; 2;). 
Therefore, the second linearly independent solution to (3.20) is \fx 2 Fi[\(m + k + 
2),|(— m + A; + 2);|;x]. On putting in the both solutions x = tgh 2 r and using 
(3.17), (3.19) and (2.20) we arrive, up to the normalization constant, at the solutions 
(3.16a) and (3.16b), respectively. We point out that the problem of normalization of 
solutions to (3.20) is a nontrivial task based on utilization of some identities satisfied 
by hypergeometric functions (compare jl]). On the other hand, the normalization of 
pseudospherical functions in our approach is ensured by normalization of the elementary 
function (3.4). 

We stress that the phase factor in (3.16a) and (3.16b) is not arbitrary and its 
correct form ensures that K + and K_ act on functions y™{T, if) as ladder operators in 
accordance with (2.6). Clearly, the phase cannot be fixed based only on eq. (2.21). 

The possibility of generation of pseudospherical functions by the action of the 
raising operator on the lowest-weight state and lowering operator on the highest-weight 
state in the case of the series D + and D_, respectively was recognized in pQ. However, 
no explicit formulae on the pseudospherical functions in the general case of arbitrary 
m > k + 1 (series D + ), and m < —(k + 1) (series DJ) were provided in pQ. 

As remarked in pQ by making the ansatz 

/r(r) = <(isinhr) (3.21) 
one can reduce (2.21) to the equation of the form 

,2 



(1 



z 2 )uT"(z) 



2zuT(z) + 



k(k + l) 



m 



iii 







(3.22) 



satisfied by the associated Legendre functions PJ: 



(spherical harmonics). 



Nevertheless, it is not clear what is advantage of such reduction. For example, we 
have P™{z) = for m > k + 1 [21], while this inequality is satisfied by indices 
of all pseudospherical functions in the case of the representation D + . Furthermore, 
the divergence of the norm of the functions P^(isinhr) in the case of the continuous 
principal series with k = — | + iA was reported in pQ. 

We finally point out that the counterpart of the relations (3.16) in the case of the 
spherical harmonics is of the form 



ym 
3 



"mj 



e imv sia j 6 2 F 1 {-i{j 



m) 



m) 



-ctg 2 



(3.23a) 
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where j — m = 2n, and n — 1, . . . ,j; a m j is a normalization constant, and 

Yp{6, <p) = b mj e im v sin^' 9ctg9 2 F 1 (-i(j - m - 1), - & + m - 1); §; -ctg 2 £), (3.236) 

where j — m = 2n — 1, n = 1, . . . , j, and b m j is a normalization constant. 

We now discuss the pseudospherical functions in the case of the series Taking 
into account the second equation of (2.4) we find that the wavefunction 

y; ik+1) (r, ( p) = e-^f- ik+1 \r) (3.24) 

representing the highest-weight state \k, —(k + 1)), such that 

K + K {k+l \rM = 0, (3.25) 

is the solution to (3.5), where m = —(k + 1). Moreover, it follows immediately from 
(3.3a) and (3.25) that the function f^ k+1 \r) fulfils the same equation (3.3) as f^ +1 (r), 
so we set f k ^ k+1 \r) = f k+1 (r). Furthermore, proceeding analogously as with (3.8) we 
get 

K r_ { jmo m = eK m-r) V ^-m+r r^-^ COsh™ r) /(r). (3.26) 

Eqs. (2.12), (3.26), (3.4) and (3.7) taken together yield 



y?(T,<p) = 2 k k\J—-- , \.. n e^eosh-^r — \ . . cosh- 2 ( fc+1 > r 

feV ' ry y 27r 2 [-(m + k + l)]\(k - m)\ rf(smh r)-( m+fc+1 ) 

(3.27) 

The pseudospherical functions y™(T, tp) can be expressed by means of the functions 
"P™(sinh T) defined by (3.11) in the form 



/ 2^ + 1 

y T( r,< f ) = (-D-^y M _ (m + k + 1)]l(k _ m) , e-^r(sinhr). (3.28) 

Comparing (3.28) and (3.10) we obtain the following relationship between the 

pseudospherical functions y™ and y™ referring to the discrete series D + and D_, 
respectively: 

[y?(T, <p)Y = (-l)™-*- 1 ^-™^ tp). (3.29) 

For the sake of completeness we finally write down the Laplace-Beltrami operator 
in the biharmonic coordinates (2.16) 

A- f—X+ (— V- (—X- -—a-— f— + t hr 9 1 ° 2 

~ ydx 1 J \dx 2 J \dx 3 ) ado? a a? \dr 2 ^ dr cosh 2 t d(p 2 

d \a-\c 2 , (3.30) 



a da 2 a 2 

where C 2 is the Casimir operator given by (2.18). It follows directly from (3.30) and 
(2.19a) that the functions defined by 

p7(a) = a k yr(T,<p), (3.31) 
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ApZ(a) = 0. (3.32) 

The functions p™(a) are hyperbolic counterparts of the harmonic polynomials also called 
volume spherical functions. 



4. A new class of pseudospherical functions 

We now return to (2.21). Motivated by the a priori possible joining of the series D + 
and -D_ we relax from the requirement m > k + 1 for the series D + and we study the 
case m = k in (2.21). We then have 



(4.1) 



dr 2 dr 

We point out that the same equation is obtained from (2.21) for m = —k. Hence we get 
/ A T fc (r) = f k (r). On introducing the new functions g k such that 

/"(r)=^(tghr), (4.2) 
we arrive at the equation 



9k( x ) 



x 



^•2^2 _i_ h, 

>9k( x ) ~ n Z^9k{x) 



0. 



1 — x 2 (1 — x" , 

The general solution to (4.3) is given by (see [19], eq. (2.76a)) 



g k {x) = {L- x 2 ) 2[a k + f3 k 

where a k and f3 k are integration constants. From (4.4) we immediately get 

go(x) = ao + /?oarcsinx, (4.5 a) 

gx(x) = (1 - x 2 )~5{«i + ^[xil - x 2 )^ + arcsinx]}. (4.56) 

The remaining functions g k (x), k > 2, can be obtained from (4.4) and the following 
identity [T7] : 



a; 



2\k-4 



dx], 



(4.3) 



(4.4) 



(1 - x 
fc-i 



2 dx 



x(l — X 2 ) 2 



2A- 



„2\fc-l 



+ J- (2fc-l)(2fc-3)---[2fc-(2r-l)] (1 _ 



r=l 



2 r (A;- l)(jfe-2)---(Jfe-r) 



+ 



(2fc-l) 
2 fc A;! 



■ arcsm x 



(4.6a) 



which can be written in a simpler form 

x(l — X 2 ) 5 



1 — X 



2\Jfc- 



2 dx 



+ 



(2Jfe-l)!! 



2A; 
fc-i 



1 -x 



2\fc-l 



2 fe (A; 



- 1)!(1 -x 2 ) ^ 



2 r (r- 1)! 
^ (2r- 1)!! 



x 



2\r 



(2Jfe-l)H 

H r— — arcsm x, 

2 k k\ 



k>2. (4.66) 
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Now eqs. (2.20), (4.2), (4.4) and (4.6) taken together yield 

(r, (f) = a + P Q arcsintghr (4.7a) 
yl (r, (f) = a\e lLp cosh r + — ^^(tghr + cosh r arcsin tghr) (4.76) 



y k k (r) = a k e ik * cosh fc r + [5 k e^ cosh fe r | 



(2A;-l)!!cosh 2 r£-4 2 r (r - 1)! , 2r 
+ 2*(fc-l)l g(2bli C ° Sh r 



2fccoshr 

(2Jfc- 1)!! 



cosh- 2fe+2 r 

arcsintghr } , fc > 2, (4.7c) 



2 fc A;! 



where the use can be made of the identity 

arcsintghr = 2arctge T — |. (4.8) 

As far as we are aware the formulas (4.7) on the pseudospherical functions are new. The 
functions y£ (r, <p), k — 0, 1, 2, . . . , and 

¥0 = e- ife ^,- fe (r) = e~ ifc ^(r) (4.9) 

are related to the series D_ and D + , respectively. Namely, we have 

K 2k+lyk „ y-(fc+l) > ~ 3>* +1 . (4.10) 

Notice that by virtue of (4.10), in the case of k = 0, the function 3^0 really joins both 
series D + and D_ via the ladder operators K + and K_. Finally, we remark that the 
functions y k (r, <p) are not square integrable on the one-sheet hyperboloid. It should 
also be noted that the function 3^o f° r A) = is constant and refers to the trivial 
representation. 



5. Pseudospherical functions for continuous principal series 

5.1. Normalization of pseudospherical functions 

In this section we study the pseudospherical functions for continuous principal series. In 
the case of such series we have neither highest nor lowest weight states and therefore the 
spherical functions cannot be found by solving any first-order differential equation as for 
the discrete series and application of the ladder operators. As a consequence, we have 
two kinds of pseudospherical functions referring to two linearly independent solutions 
of the second order equation (2.21). In view of (3.16) and the form of the parameter k 
in the case of the continuous principal series such that k = — | + iA, these functions can 
be written as 

yT(r, <p) = e [m *c mX cosh- ( 5 +iA ) T*F x [^m + f + iA), §(-m + § + iA); §; tgh 2 r], (5.1) 
y?(r, <p) = e im ^c mX cosh-^) rtgh^F^m + f + iA), |(-m + § + iA); f ; tgh 2 r], (5.2) 

where c m \ and c m \ are normalization constants. Following the algoritm described in 
[I] we now normalize the function y™{r,(p). Firstly, using the formula on the analytic 
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continuation [2D] such that 

2 F 1 (a, p; 7; z) = A x 2 F x {a, P; a + p - 7 + 1; 1 - z) 

+ A 2 (l - z) 7 - Q -^ 2 F 1 ( 7 - a, 7 - /9; 7 - a - P + 1; 1 - | arg(l - z)\ < n, 

where 
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r( 7 )r( 7 -a-/3) 

r(7 - «)r( 7 - P) ' 



r( 7 )r(q + /3-7) 
r(«)r(/3) 



(5.3) 
(5.4) 



we get 

2 Fa[i(m + i + iA), i(-m + § + iA); §; tghV] 



A 2*1 



> + i + iA), i(-m + i + iA); 1 + iA; 



1 



cosh r 



+ A 2 cosh 2iA r 2 F ; 



where 



-m + i — iA), i(m + § — iA); 1 — iA; 
v^r(-iA) 



cosh 2 T 



r[i(-m 

i 2 = ij 



iA)]r[i(m + i-iA)] 
^Fr(iA) 



r[i(m+|+iA)]r[|(-m + i + iA)]' 
Hence, taking into account the relations 

e ±T 

lim coshr = -— , 2 i r i(a, P; 7; 0) = 1, 

T— >-±0O 2 

we obtain the asymptotic form of 3^(t, y). Namely, we have 

lim $T(r, = e im ^c mA cosh"^ r (£ e - iA - + 5*e iAr ), 

T— >00 

where |5| = On demanding that asymptotic functions are normalized 

(3.5)) 

cosh rdr / d<p[y?(T,<p)]*y%'(r,<p) = 5 mm ,5{\ - A') 
Jo 

we arrive at the following formula on the normalization constant 



1 |r[i(m + i + iA)]r[i(-m+i + iA)]p 



8tt 2 |Ai 



|r(iA)p 



(5.5) 

(5.6a) 
(5.65) 

(5.7) 

(5.8) 
as (see 

(5.9) 
(5.10) 



We now normalize the function 3^™(r, ip). Using (5.3) and (5.4) we find 
tghr 2 Fi[i(m + § + iA), |(-m + § + iA); §; tghV] 
= tghr \ Ax 2 Fi 



|(m + § + iA), |(-m + f + iA); 1 + iA; —-5- 

cosh r 



+ A 2 cosh 2U r 2 Fi 



-m + § - iA), |(m + § - iA); 1 + iA; — -5— 

cosh T 



(5.11) 
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where 



A ^ r (~ iA ) 
1 " ~r[|(-m + |-iA)]r[i(m + f-iA)]' ( ° 2a) 



A 2 = (At)* = ^1 —- — . (5.126) 

V l) 2 r[i(m+| + iA)]r[i(-m + | + iA)] 1 } 

Proceeding analogously as in the case of the normalization of the function 3^™(t, if), 
and making use of of the limit lmv^ioo tghr = ±1, we obtain 

I- ,2 _ 1 1 |r[i(m + | + iA)]r[i(-m+| + iA)]| 2 

1 mA| Stt 2 ^ 2 2tt 3 |r(iA)| 2 ' 1 J 

Taking into account (5.1), (5.2), (5.10), and (5.13) we can finally write down the 
desired normalized pseudospherical functions 

ym (T , _ g |r[i(m + l + iA)]r[l(-m + i + iA)]| cosh - ( i +iA ) 

yx[ ^ ] ~ m 2V2^ [r(iA)| cosh 

x 2 Fi[|(m + | + iA), |(-m + i + iA); |; tgh 2 r], (5.14) 

yr(T , „) = ^ ra(m +i+ .A)ira(- m+} + i A)]| coslr(4+lA) TtghT 

V27T2 |1 (lAJ I 

x 2 F 1 [\{m + f + iA), i(-m + | + iA); §; tgh 2 r]. (5.15) 

where c m and c m are phases that will be fixed in the next section. We point out that 
obtained normalization of pseudospherical functions provides the most probably new 
nontrivial identities for the hypergeometric functions. 

5.2. The Fock space structure of the continuous principal series representation 

Although in the case of the continuous series representation there is neither lowest nor 
highest weight states, nevertheless there is still possibility, in view of (2.6), of generation 
of states with arbitrary m from some fixed one by means of the ladder operators K±. 
This possibility is the subject of this section. Now, it seems that the most natural 
candidates for such a distinguished "vacuum vector" in the case with integer m, is the 
state with m = 0. Taking into account (2.6) we find for k = —\ + iA 

K+\\,m) = v/(m+i) 2 + A 2 |A,m + l), (5.16a) 
K_\\, m) = y/(m - i) 2 + A 2 |A, m - 1), (5.166) 

where |A,m) = | — | + iA,m). An easy calculation based on (5.16a) shows that 

|A,m) = 1 *T|A,0), m = l, 2, .... (5.17) 

nr =1 v^) 2 + a 2 

We remark that the fraction from (5.17) can be expressed by the gamma functions. 
Namely, using the identity [2T] 

r(m+i-iA) , _A \f2r - T 2 



-m + i - iA) 



-1)' II 



+ A 



(5.18) 
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and PH 



-i 



r(z) = -=r(|z)r[j(z + i)], (5.19) 

\/7T 



one can show that 



1 = 2 -m |r[^(-m + | + iA)]| 

_o- m |r[i(-m + | + iA)]| 



(5.20a) 



(5.206) 



|r[|(m+| + iA)]| 

We remark that the right-hand side of (5.18) is usually designated by Z™. Now, we have 
in our disposal two possibilities to choose the function representing vector |A, 0), namely 
y®, and (see (5.1) and (5.2)), and therefore two different sequences of pseudospherical 
functions generated via (5.17). Let us designate these sequences by y^™ an d 3^2 a\ 
respectively. In order to identify elements of 3^1™ an d 3^2™ we ^ TS ^ point out that the 
functions y™ are even and the functions y™ are odd functions of r for arbitrary m. 
Furthermore, it follows immediately from the form (2.17a) of the operator K + that it 
maps an even function to odd one and vice versa. Therefore, the sequence yi™ is °f the 
form 

ylylJl ...,yT,yl n+1 , (5.21) 

that is 

f j)^, for m = 2n. 
yix = < - (5-22) 
\y™, for m = 2n + 1, n = 0, 1, . . . 

Analogously, the sequence 3^2™ is given by 

y° x , y{, yl ...,yT, y 2 x n+ \ (5.23) 

i.e. 

f K*. for m = 2n. 

W=4 - (5-24) 

I for m = 2n + 1, n = 0, 1, . . . 

Surprisingly, this structure of the principal series was not, to our best knowledge, 
discussed in the literature. We stress that in the case of the discrete series all functions, 
even and odd ones, are elements of the only one sequence of pseudospherical functions 
starting with the unique highest or lowest weight state (for the series D + see (3.16)). We 
now derive the counterpart of the formula (3.15) in the case of the continuous series. We 
begin with the case of the functions 3^1™- To this end we first write down the function 
y\(T,ip) following directly from (5.14) 

Mr, tp) = 2 ^ § |r[ ^ ( ^ )]|2 cosh^+ iA ) + iA), 1(1 + iA); I; tghV], (5.25) 

where we choose, without loose of generality, the phase so c = 1. Using the identity 

2 F 1 (a, /?; 7 ; *) = (!- z)~ a 2 F 1 (a, 7 - # 7 ; -?-) (5.26) 
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we obtain the following equivalent form of the function y® such that 



|r[|(| + iA)]p 



^i[|(l + iA) 



5 2 V 2 



iA); |; -sinh 2 r]. 



(5.27) 



2^1 |r(iA)| 

It follows immediately from (3.8) and (5.17) that the pseudospherical functions 3^x™ are 
given by 

i |r[|(| + iA)]| 2 i 



2^ 



7T 2 



|r(iA)| 



-.e imv cosh m r 



^) 2 + A 2 



x 



d" 



r2 F 1 [i(i + iA),i(i-iA);i;-sinh 2 r]. 



(5.28) 



(5.29) 



where Vi™(x) are the plausible pseudospherical counterparts of the Legendre functions 
defined as 



<i(sinh r) 

Notice that the relation (5.28) can be written as (compare (3.10)) 
y$(T,<p) = -4ttt i 1 e^Pi^sinhr), 



2^tt3 J]- x /(2r_l)2 + A 2 



|r(iA)| v ~ ' ' dx m 

Now, taking into account (3.12) we get 



2 F 1 [|(i + iA),i(i-iA);i;-a; 2 



(5.30) 



d" 



dx 1 



^[1(1 + iA), i(i -iA); i; -x 2 ] 



r=0 



(2x 



,m— 2r 



r\{m — 2r)! \dx 



d- 



-2^(1(1 + iA), iA);±;-x 



Hence, using the identity [20] 

„ \ r(a + n)r(/3 + n)r( 7 ) „, „ 
— 2 F l( a, ft 7 ; *) = r(a)r(/3)r(7 + n) ^ + n, /? + n; 7 + n; ,) 

we find 



(5.31) 



(5.32) 



(i+^-B- 1 )' 



(2x 



iro- 2r 



|r[ 



2 V 2 



iA) + m — r] 



l r (iA)r ^ r!(w-2r)! T(i + m-r) 

x 2-fx[|(| + iA) + m — r, §(± — iA) + m — r; \ + m — r; — x 2 ]. 
Substituting x = sinhr and making use of (5.26) we obtain 

[Ml 

„„„x.-fi+iA)_^, lAr (2tghrr- 2 '-|r[i(i-iA)+m-r] 



(5.33) 



nr(sinhr) = V^lcoah-^r^C-ir 



|r(iA)| ' ^ v ^ r\{m-2r)\ r(±+m-r) 

x 2^1^(1 + iA) + m - r, §(§ + iA); | + m - r; tgh 2 r]. (5.34) 

Therefore, the pseudospherical functions y\£{r, ip) can be written in the form 

f— 1 

™ ! 1 e-cosh-<^>r£(-ir (2tghT)ro " 2r 

r=0 



x 



2v^7r|r(iA)| jjw 

|r[i(i - iA) + m-r 112 
r(| + m — r) 



^±) 2 + A 2 



r!(m — 2r)! 

2 F![i(i + iA) + m - r, ±(± + iA); § + m - r; tgh 2 r], (5.35) 
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where m — 1, 2, 

We now discuss the pseudospherical functions ^^C 7 ") V 9 )- From (5.15) we 
immediately find that the odd "vacuum vector" y®(r,(p) is 

y°x(r,^) = 1 3 |r[ "|w + ,^ )]|2 cosh-^> TtghT 2 fl[i(f+iA), |(f +iA); f ;tgh 2 r], (5.36) 

V27T2 |1 (,1AJ| 

where we set c = 1. Using (5.26) we get 

^(r, tp) = JJ T[l2 lr^ W sinh T2Fl[ ^ (l + iA) ' ^ - iA); * - sinh2 r] " (5 - 37) 

Taking into account (5.17) we arrive at the following formula on the pseudospherical 
functions 3^2™ ( r ) ¥)'■ 

y£(r,<p) = {-IT I 3 nk %t^) y 1 e^cosh-r 

V2VT2 |r(lA)| jjm i ^/(2^1)2 + p 

x rf(sinhr)m sinh raFxtKf +iA),|(f - iA); f ; - sinh 2 r]. (5.38) 

Introducing the counterparts of the Legendre functions V-^ix) we can write (5.38) in 
the form 

y${rM = 1 e i ^ 2 -(sinhr), (5.39) 

where 

?y A » = (- 1 ) m |r[ "| ( ry A )? ]|2 (1 + x2)f £^ X2Fim + iA) ' 1(1 - iA); 1 ; -a;2] - (5 - 40) 

Eqs. (5.40), (3.12) and (5.32) taken together yield 

r m + 1 -I 

y/?(m+l)! 2 f ^ (2a;r+ 1 - 2 '- |r[i(f + iA) + m - r]| 2 

2Al J 4|r(iA)| 1 + J ^ l J r!(m + l-2r)! r(§+m-r) 

x 2 Fi[i(§ + iA) + m - r, i(| - iA) + m - r; | + m - r; -a; 2 ]. (5.41) 
Hence, using (5.26) we get 

r m+l i 

2AV ; 4|r(iA)| ^ V ; r!(m + l-2r)! r(f + m-r) 

x 2 iMi(i + iA) + m - r, §(§ + iA); § + m - r; tgh 2 r]. (5.42) 

An immediate consequence of (5.39) and (5.42) is the following formula on the 
pseudospherical functions 3^2 aX 7 ") f)' 

[ m+l 1 

4V27r|r(iA)| nr=i J(^)2 + A 2 ^ l J r!(m + l-2r)! 



x l r [|(! + iA)+m r]| 2 + iA) + m _ rj , (| + iA) . 3 + m _ r . tgh 2 T] (5 43) 

1 (f + m — r) 
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where m — 1, 2, . . .. An advantage of the relations (5.35) and (5.43) is that they enable 
to fix with the help of the Gauss relations between contiguous functions [21] the phases 
of the even and odd pseudospherical functions (5.14) and (5.15). Namely, we find 

\ — r 

-I) 2 , for m = 2n, 



m+l 



and 



1) 2 ; for m — 2n + 1, n = 0, 1, 



•1) 2 , for m = 2n, 



m — 1 



(5.44) 



(5.45) 



-1) 2 , for m — 2n + 1, n = 0, 1, . . . 

We stress that the phases cannot be fixed without knowledge of the infinite sequence of 
pseudospherical functions generated by means of the ladder operators. 
We finally point out that an immediate consequence of the relation 

\\,-m) = #-lA,0), m = l, 2, .... (5.46) 

nr=i v^) 2 + a 2 

following directly from (5.16b) is the formula on 3^ m and 3^2 a™ such that 

^ li2 - m (r, </?) = (-l) m [yw?(T, <p)\\ m = 1, 2, . . . . (5.47) 

5.5. Pseudospherical functions with half-integer m 

In this section we study the pseudospherical functions y x ™ an d 3^2™ i n the case 
of the continuous principal series and half-integer m. As far as we are aware the 
pseudospherical functions with half-integer m were not discussed in the literature. We 
now return to (5.14). Taking into account the identity [20] 

2 F x {a + I, a- i; z) = |(1 + v^)" 2a + |(1 - v^)" 2q (5.48) 

as well as the following properties of the gamma function |17j : 

+ ix)| 2 = — ^ — , (5.49) 

COSh 7TX 

|r(ix)| 2 = / , (5.50) 
x sinh Tix 

and setting in (5.14) m = ~, and ci = 1, we get the normalized pseudospherical functions 
<jh \ 1 ^ cosAr 

?A ( r > ¥>) = ~AT e 3 / r — ( 5 - 51 ) 

V 27r v cosh r 

Therefore, in opposition to (5.25) the "vacuum vector" for m = | is represented by an 
elementary function. Similarly, using (5.48) and the identity J2U] 

. ,„r(a + n)T(7 - /3 + n)T(7) . , 
r(a)r(7 - /5jr(7 + n) 

^ \{\-zY+ n -\F x {a,^z\ (5.52) 



dz 

we obtain from (5.15) 



1 w sin At 
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We now study the Fock space structure of the continuous principal series representation 
for half-integer m. We begin with the functions yi™(r, ip). From (5.16a) we obtain for 
m = l + \ 



|A, I + i) = -j L—-K l + \X, i), 1 = 1,2,.... (5.54) 

llr=i V r 2 + A 2 

Hence, taking into account (3.8) and (5.51) we find 

^ X [TM ~ Ul =1 ^ T rf(sinhrycoshr- ^ 
Finally, using the identity 

cos Ar = h(Vl + sinh 2 r + sinhr) iA + ( a/ 1 + sinh 2 r - sinh r) iA ], (5.56) 

we obtain the formula 

2 v ^7rn' = iV / ^+A^ 

x — — — - - 1 [(y 7 ! + sinh 2 r + sinh r) iA + (y/l + sinh 2 r - sinh r) iA l. (5.57) 

d(snihr) 1 v/i + sinh'r 

In view of the form of (5.57) the counterparts 7^ of the Legendre functions such that 

y£Hr,<p) = - \ ul ^== e^D^(sinhr) (5.58) 

are defined by 

T A (a;) = (-l)'(l + s 2 )*(*+i)-^_ J— -[(y/TT^ + :r) iA + (v/TT^ 2 - x) iA ]. (5.59) 

cfe yl + x 2 

We now study the functions J^aX^V 9 ) f° r half-integer m. Eqs. (5.54), (3.8) and (5.53) 
taken together imply 

y£Hr,<p) = ^ ; 1 e^) cosher — 4 (5-60) 

A V ^ v^tt Ilr=i v^TA 2 d(snihr)'coshr V ; 

An immediate consequence of the identity 

sinAr = ^ [( v 7 1 + sinh 2 r + sinh r) iA - ( v 7 1 + sinh 2 r - sinh r) iA ], (5.61) 

is the relation 

y 2 l ^(r, V ) = t-^t—, e^ + ^ cosher 



x — — - — - - — [(V / 1 + sinh 2 r + sinh r) iA - ( v 7 1 + sinh 2 r - sinh r) iA l. (5.62) 

rf(smhr)' v/i + sinh'r 

Hence, we identify the hyperbolic counterpart U l x of the Legendre functions which fulfils 

y^HrM = 1 7 === e^U[(s^hr) (5.63) 

2iV27T || r=1 Vr 2 + A 2 
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such that 

U{(x) = + x 2 )^ l+ ^^-j^=[(Vl + ^ + x) iX - (y/T+x* - x) iX ]. (5.64) 

We remark that the form of the functions l~l and U\ suggests that they are somehow 
related to the Chebyshev polynomials T n (x) and U n (x). 

6. Pseudospherical functions for continuous supplementary series 

We finally discuss the pseudospherical functions for the continuous supplementary series. 
We first introduce the parameter 7 such that 

k = T~\, (6-1) 

where in view of (2.14) < 7 < \. By virtue of (2.13) in this parametrization we 
can formally get the formulae for the supplementary series from that obtained for the 
continuous principal series by setting A = — 17. Therefore, the even and odd spherical 
functions 3)™(t, ip) and y™(r, ip) for the continuous supplementary series obtained from 
(5.1) and (5.2), respectively, are given by 

y™(r, ip) = e im ^c m7 cosh"^ r^^m + I + 7), i(-m + \ + 7); §; tghV], (6.2) 
y™(r, ip) = e im ^c m7 cosh"^ rtghraFit^m + f + 7), §(-m + f + 7); §5 tghV]. (6.3) 
Consider the even functions y™. An immediate consequence of (5.5) is the relation 
2 F 1 [i(m + i + 7), i(-m + i + 7); i; tghV] 

1 



= A 1 2 F 1 



i(m+i + 7),i(-m + i + 7 );l + 7; 



cosh 2 T 

+ A 2 cosh 27 r 2 Fx 



1 

m + 3 -7), H m + 3 -7); 1-7; 



cosh r 



(6-4) 



where 



3 = v^ r (-7) , fi , v 

1 r[i(-m+i-7)]r[i(m + i- 7 )]' 1 J 

^ = FT7 4^ vf- (6.56) 

r[i(m + i + 7 )]r[i(-m + i + 7)] 1 ; 

Notice that A 2 (7) = A x (— 7). Proceeding analogously as with (5.1) we arrive at the 
following asymptotic form of y™'- 

lim y?(r, ip) = e imv c mi cosh"* rf^e"^ + 5(- 7 )e TT ], (6.6) 

where B^B^— 7) = AiA 2 . In opposition to the functions (5.8) the norm of the 
functions (6.6) is divergent. The same result holds true for the asymptotics of the 
odd functions y™(r, ip) as well. 
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Appendix A. 

We now collect the basic relations satisfied by the functions V™(x) given by (3.11) which 
are counterpart of the associated Legendre functions related to spherical harmonics. 
Firstly, in view of (3.10), (2.20) and (2.21) V™{x) satisfies the equation 



1 + x 2 ) ^U. + 2x — + 

ax z ax 



-k(k + l) + 



2 

m 



1 + x 

Further, an immediate consequence of differentiation of (3.11) is 

dV?(x) 



V?(x) = 0. (A.l) 



(1 + x 2 ) k ^ 1 = -VTTx^V™ +1 (x) + mxV^(x). (A.2) 
Eqs. (A.l) and (A.2) taken together yield 

V™ +2 (x) - 2(m + 1) - X V? +1 (x) + (m - k)(m + k + l)Tf(x) = 0. (A.3) 
V 1 + x 2 

On reindexing m — > m — 1 in (A.3) we can convert (A.2) into 

(1 + x 2 ) k ^ ' = (m + k){m - k - l)VlTx^V™-\x) - mxV^(x). (A.4) 

The following identity can be obtained from (3.11) by reindexing m — > m — 1, k — > k — 1 
and using the Leibniz formula on n-th derivative of product of functions 



2kP% l _ 1 (x) = VTTx^V^ + \x)-2(m-k)xV^{x)+VlTx^{m~k){m-k-l)V^- 1 {x).(A.5) 

Finally, reindexing m — > m — 1 in (A.3) and combining the resulting form of (A.3) with 
(A. 5) we get 



K-i(x) - xVr(x) = (k-m+ l)VT+x^V™-\x). (A.6) 

We point out the remarkable similarity of the structure of above recurrences satisfied by 
the functions VJT'(x) and recursive relations for the Legendre functions P™{x) connected 
with the spherical harmonics. For example the counterpart of (A.2) is of the form [21J 

dP m (x) , 

(1 - x 2 ) \ V ' = -Vl^PT + \x) - mxPrix), (A.7) 
ax J J 

and the formula corresponding to (A.6) is given by 



P™ x {x) - xPp{x) = {j-m+ l)Vl^P™-\x). (A.* 
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